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The Lost Dimension

In SI, angles are
considered to
be dimensionless
and their units
are therefore
unmentionable.

The mathematical formulation of the laws
of nature involves constants. Their values
cannot be explained by theory (yet?).
They just have to be measured.
There are two types of constant.
With dimensions: Examples are h, c, e, k

and
Dimensionless: Examples are Mp/me and

α.

The Planck constant
Christians and muslims await
the second coming of Jesus

But for physicists there have been many
comings of the Planck constant, and each
time it involves some sort of quantization.
I now list a few important comings.

E = hν

Planck

E = hν

Einstein

p = h/λ

de Broglie

L = nh/2π
i(h/2π)dΨ/dt = HΨ

Bohr
Quantum Mech.

It does not have the same units at every coming.
But let’s first talk about measuring h, and the kg.

The measurement of the value of h
Phys. Rev., 7, 355 (1916)

Robert Millikan
1868-1953

Millikan wanted to test Einstein’s theory
E(photon) = hν
using the photoelectric effect.

He wanted to prove that
Einstein was wrong.

Photoelectron kinetic energy as a function of ν (from E = hν)
“The Einstein equation” (Millikan)
Ekin = hν – W0
W0 is the work
function: The
energy needed to
remove an electron.
W0 = hν0

Electron
kinetic
energy

0
W0/h

ν
Frequency of radiation

For all materials the slope of Ekin vs frequency has slope h.

Ekin = hν – W0
W0 is the work
function: The
energy needed to
remove an electron.
W0 = hν0

Electron
kinetic
energy

0
W0/h

ν
Frequency of radiation

Millikan’s paper describes 10 years of work in which he
used cleaned lithium and sodium surfaces (in vacuo) with
seven different mercury lines (from 2399 Å to 5461 Å) to
measure electron energy as a function of frequency.

He confirmed the Einstein equation .

Towards the end of his paper Millikan
writes:

Phys. Rev., 7, 355 (1916)

)E

kin

E(photon) = hν

= hν – W0

Wave-particle duality

Millikan’s grudging summary:
Phys. Rev., 7, 355 (1916)

Millikan’s grudging summary:
Phys. Rev., 7, 355 (1916)

Modern more accurate measurements of the
value of h have been used to define the 2019 kg.
To help you understand this, I first show how
the measurement of the speed of light was
used to define the 1983 metre.

QUANTITY CALCULUS (Maxwell)
value of a quantity = numerical value x units

c = 299 792 458 m s-1
c = 29.979 245 8 cm ns-1
Each of the above is the value
of the speed of light.
The numerical values are:
c/(m s-1) = 299 792 458
c/(cm ns-1) = 29.979 245 8

1967 – 1983: The value of c determined
using definitions of ‘metre’ and ‘second’

c = 299 792 458 m s-1
The value of c is
fixed by Mother Nature
The numerical value of c in m s-1
is determined using the definitions of the
metre and of the second
Since 1960,
The metre is the length equal to 1 650 763.73
wavelengths of the “krypton 6057 Å line.”
Since 1967, the second is the duration of 9 192 631 770
periods of the “9.19 GHz 133Cs hfs transition.”

The 1983 definition of the metre

c = 299 792 458 m

-1
s

The value of c is
fixed by Mother Nature
The numerical value of c
in m s-1 is FIXED to be this.
Since 1967, the second is the duration of 9 192 631 770
periods of the “9.19 GHz 133Cs hfs transition.”

The metre is the length of the path travelled by
light in vacuum in 1/(299 792 458) s.
The numerical value used was determined in a precise spectroscopy
experiment so that new metre is consistent with the “Krypton metre.”

c = λν

1983 CODATA value 299 792 458 m/s

1889-2019

The IPK

5 official copies made and kept in Paris

5 x 10-8 kg

The 2019 definition of the kilogram

h = 6.626 070 15 x

-34
10

kg

2
m

-1
s

The value of h is
fixed by Nature
The numerical value of h
in kg m2 s-1 is FIXED to be this.
The second is the duration of 9 192 631 770
periods of the “9.19 GHz 133Cs hfs transition.”

The metre is the length of the path travelled by
light in vacuum in 1/(299 792 458) s.
The effect of this equation is to define the kg.
But first an accurate determination required.

Two highly precise experimental methods
for determining the Planck constant

X-ray crystal density

Using a Kibble balance

X-ray crystal density
Determine the number of Silicon atoms (~2x1025) in a highly
polished sphere (~94 mm diameter) of pure 28Si with a mass
of one kilogram. This gives the Avogadro constant NA.

Mu = molar mass constant = 10-3 kg/mol
Ar(e) = relative atomic mass of electron
[Ar(e) Mu / NA] = me in kg

Achim Leistner at the Australian Centre for Precision Optics
(ACPO) holding a one-kilogram single-crystal silicon sphere
prepared for the International Avogadro Coordination

The Kibble balance at NRC

NRC-17

The last determination of the numerical
value of the Planck constant.

After fixing the numerical value of h,
the Kibble balance will become an
instrument for measuring absolute mass.

We could then determine the mass of
each kilogram artifact on a regular basis.

h is not the only dimensioned constant that
gets a defined numerical value in 2019
Newell D B et al., Metrologia (2018) 55 L13.
Redefined
base unit

kg
ampere
K
mole
See www.bipm.org

C=As
J = kg m2 s-2

The base units in the International System of Units (SI).

h is not the only dimensioned constant that
gets a defined numerical value in 2019
Newell D B et al., Metrologia (2018) 55 L13.
Redefined
base unit

kg
ampere
K
mole
See www.bipm.org

Now to looking at this
J s are units of action
J s = kg m2 s-1

QUANTITY CALCULUS (Maxwell)
value of a quantity = numerical value x units

c = 299 792 458 m s-1
c = 29.979 245 8 cm ns-1
Each of the above is the value
of the speed of light.
The numerical values are:
c/(m s-1) = 299 792 458
c/(cm ns-1) = 29.979 245 8

QUANTITY CALCULUS (Maxwell)
value of a quantity = numerical value x units

c = 299 792 458 m s-1
c = 29.979 245 8 cm ns-1
CORRECT BUT NOT QUANTITY CALCULUS:

c = 299 792 458 m s-1
d = 29.979 245 8 cm ns-1
d=c = the value of the speed of light
d/(cm ns-1) = [c/(m s-1)]/107

QUANTITY CALCULUS (Maxwell)
value of a quantity = numerical value x units

c = 299 792 458 m s-1
c = 29.979 245 8 cm ns-1
CORRECT BUT NOT QUANTITY CALCULUS:

c = 299 792 458 m s-1
d = 29.979 245 8 cm ns-1
d=c = the value of the speed of light
d/(cm ns-1) = [c/(m s-1)]/107

WRONG is d = c/107 = 29.979 245 8 m s-1

The units used for frequency
Suppose we have a frequency of 100 cycle s-1
ν = 100 cycle s-1
= 2π x 100 radian s-1

The units used for frequency
Suppose we have a frequency of 100 cycle s-1
ν = 100 cycle s-1
With the units radian s-1 spectroscopists use ω
ω = 2π x 100 radian s-1

ω = ν but ratio of numerical values is 2π

The units used for frequency
Suppose we have a frequency of 100 cycle s-1
ν = 100 cycle s-1
With the units radian s-1 spectroscopists use ω
ω = 2π x 100 radian s-1

ω = ν but ratio of numerical values is 2π
omitting the units of angular measure
ν = 100 s-1
ω = 2π x 100 s-1
and it is said that ω = 2πν.
In fact ω = ν and their numerical values have the ratio 2π.
In SI we replace s-1 with Hz to further obscure the real units

A PONTIFICATION

Always explicitly state
whether a frequency is
-1
-1
in cycle s or radian s .
-1
Use Hz for cycle s .

A PONTIFICATION

Always explicitly state
whether a frequency is
-1
-1
in cycle s or radian s .
-1
Use Hz for cycle s .
Now finally to the units
of the Planck constant

The units of the Planck constant
We know that
h = mecα2/(2R∞)
The units of
wavenumber

Units: me in kg, c in m s-1, and R∞ in cycle m-1
gives h the units kg m2 s-1 cycle-1 = J s cycle-1
= J/(cycle s-1)
= J/Hz.

h = 6.626 070 150 x 10-34 J s cycle-1

The units of the Planck constant
We know that

This h has
of
R∞ = the
mecα2dimensions
/(2h)
action/angle, energy/frequency
h = mecα2/(2R∞)
and of angular momentum The units of

wavenumber

Units: me in kg, c in m s-1, and R∞ in cycle m-1
gives h the units kg m2 s-1 cycle-1 = J s cycle-1
= J/(cycle s-1)
= J/Hz.

h = 6.626 070 150 x 10-34 J s cycle-1

The units of h and ħ from paper by
PRB, Mills and Jensen.
Using E = hν, h is Energy/Frequency
Energy: Units are J = kg m2 s-2
Frequency: Units are radian s-1 or cycle s-1
If we measure frequency in cycle s-1 = Hz
the units for h are
Just as obtained from
-1
-1
J/(cycle s ) = J/Hz = J s cycle .
h = m cα2/(2R )
e

If we measure frequency in radians s-1
the units for h are
J/(radian s-1) = J s radian-1.

∞

Applying rules of quantity calculus:
h = 6.626 070 150 x 10-34 J s cycle-1
h = 1.054 571 818… x 10-34 J s radian-1
Numerical value of
h in J s radian-1

=

[

Numerical value of
h in J s cycle-1

]

/2π

Note that units are those of action/angle

Within SI:
h = 6.626 070 150 x 10-34 J s,
ħ = 1.054 571 818…x 10-34 J s,
they are given the same units, and
it is said that ħ = h/2π.
In fact (angular units included) h = ħ. Each is
the value of the PC but with different units.
Their numerical values have the ratio 2π.

Correct (but not quantity calculus) is:
h = 6.626 070 150 x 10-34 J s cycle-1
ħ = 1.054 571 818… x 10-34 J s radian-1
We will call ħ the reduced Planck constant.

N.B. h = ħ, but they have different units.
Their numerical values have the ratio 2π.
We do not have ħ = h/2π

Summary of the units and dimensions
of h and ħ
Planck
Einstein

E = hν

h is energy/frequency
J/(cycle/s) = J s cycle-1

The Planck constant: h = 6.626 070 150 x 10-34 J s cycle-1

p = h/λ

de Broglie

h is momentum x wavelength
(kg m s-1)(m cycle-1)= J s cycle-1

L = n“h/2π” = nħ

Bohr

The reduced PC: ħ = 1.054 571 818… x 10-34 J s radian-1
h = ħ but they are in different units and
the numerical values are in the ratio of 2π

Summary of the units and dimensions
of h and ħ
E = hν

Planck
Einstein

h is energy/frequency
J/(cycle/s) = J s cycle-1

The Planck constant: h = 6.626 070 150 x 10-34 J s cycle-1

p = h/λ

de Broglie

h is momentum x wavelength
(kg m s-1)(m cycle-1)= J s cycle-1

L = n“h/2π” = nħ

Bohr

The reduced PC: ħ = 1.054 571 818… x 10-34 J s radian-1

BUT Quantum Mechanics gives rise to the
coming of another variety of the Planck constant

Dirac’s introduces ħ as “a new universal
constant” having the dimensions of action.
Pp 86-87 from Dirac’s Book “The Principles of Quantum Mechanics” (1930)

From analogy between quantum mechanics and classical mechanics
“Let us try to introduce a quantum Poisson Bracket which shall be
the analogue of the classical one…………………………………….
………………………………………………………………………………”
This
leads to an expression involving a commutator and a real
………………
constant factor that Dirac calls ħ, and after this expression he says:

Action = energy times time,
units J s

But h has dimensions of
action/angle units J s cycle-1

Units and dimensions
E = hν

Planck
Einstein

h is energy/frequency
J/(cycle/s) = J s cycle-1

The Planck constant: h = 6.626 070 150 x 10-34 J s cycle-1

p = h/λ

h is momentum x wavelength
de Broglie (kg m s-1)(m cycle-1)= J s cycle-1

L = n“h/2π” = nħ

Bohr

The reduced PC: ħ = 1.054 571 818… x 10-34 J s radian-1
Heisenberg, Schrödinger and Dirac
^

i(h/2π)dΨ/dt = HΨ
Js

s-1

J

^

-i(h/2π)dΨ/dq = pΨ

J s = kg m2 s-1

m-1

kg m s-1

Units and dimensions
E = hν

Planck
Einstein

h is energy/frequency
J/(cycle/s) = J s cycle-1

The Planck constant: h = 6.626 070 150 x 10-34 J s cycle-1

p = h/λ

h is momentum x wavelength
de Broglie (kg m s-1)(m cycle-1)= J s cycle-1

L = n“h/2π” = nħ

Bohr

The reduced PC: ħ = 1.054 571 818… x 10-34 J s radian-1
Heisenberg, Schrödinger and Dirac
^

i(hA/2π)dΨ/dt = HΨ

^

-i(hA/2π)dΨ/dq = pΨ

The Planck constant of action: hA = 6.626 070 150 x 10-34 J s

There are two h and two ħ
1. Planck, Einstein and de Broglie. E = hν, and p = h/λ.

The Planck constant: h = 6.626 070 150 x 10-34 J s cycle-1
2. Bohr. Angular momentum quantization; called ħ.

The reduced Planck constant:
ħ = 1.054 571 818… x 10-34 J s radian-1
The numerical values of h and ħ are in the ratio 2π.
3. von Klitzing. The von Klitzing constant RK = hA/e2.

The Planck constant of action:
hA = 6.626 070 150 x 10-34 J s
4. Heisenberg, Schrödinger and Dirac; this is hA/2π. We call it ħA.

The reduced Planck constant of action:
ħA = 1.054 571 818…x 10-34 J s

The reduced Planck constant of action is what is called
“The Dirac constant” in the current literature.

Kibble balance equations
Measure voltage U1. Use the Josephson effect
U1= hν1 /(2e). U1 to ν1 conversion.
The voltage across the barrier layer is the product of h/(2e) and the time
derivative of the phase difference ν1 (in cycle s-1). h in J s cycle-1.
The units of U1 = hν1 /(2e) are (J s cycle-1)(cycle s-1)/(A s) = J/(A s) = volt.
Measure current I. Use Josephson and quantum Hall effects
I = U2 /RK = [hν2 /(2e)] / RK
The von Klitzing constant RK = hA/e2. The constant hA in J s.
The units of hA/e2 are (J s)/(A2 s2) = J s-1 A-2 = ohm.
So I = U2 /RK = [hν2 /(2e)] / (hA/e2) = (h/hA) (ν2e/2)
Note that (h/hA) = 1 cycle-1
The units of I = (h/hA) (ν2e/2) are (cycle-1)(cycle s-1)(A s) = A, ampere.

From this we get U1I = h(h/hA)ν1ν2/4 with units J s-1
and thus h = 4U1I(hA/h)/(ν1ν2) with units J s cycle-1.
where hA/h = 1 cycle

cycle m-1
cycle-1 = J s/cycle
X-ray crystal density

angular momentum, i.e. the units of ħ

Spectral Distribution Function I(λ,T) = Kλ
of Black-Body Radiation. The Wien expression.
experiment
Classical theory
for T=5000 K

First experiment
Langley 1886

Rayleigh and Jeans:
Kλ = 2ckTλ-4

More experiments
Paschen and Wien
1896-1899

UV catastrophe

Wien gets empirical
expression:
Kλ = bλ-5/[exp(a/λT)]

5000 Å
20000 cm-1

3333 cm-1

Spectral Distribution Function I(λ,T) = Kλ
of Black-Body Radiation. Wien is no good at large λ.
experiment
First experiment
Langley 1886
More experiments
Paschen and Wien
1896-1899

Classical theory
for T=5000 K
Rayleigh and Jeans:
Kλ = 2ckTλ-4

UV catastrophe

Wien gets empirical
expression:
Kλ = bλ-5/[exp(a/λT)]
Wien Kλ too small at long wavelengths

At large λ fits Kλ = 2ckTλ-4

1899 Lummer, Pringsheim, Rubens, and Kurlbaum experiments to 50 μm

Max Planck (1900): Fits Black Body Radiation
AN EMPIRICAL FIT

Planck ‘adds’ this “-1” to
the denominator of Wien’s
expression. Fits at high λ.

14 December

Max Planck(1900): DERIVES his Distribution Law by
assuming Black Body “oscillators” are quantized
“Oscillators” in the
BB are quantized

Leads to

E = hν
The birth of the
Planck constant

Planck’s Distribution Law
eλ = Cλ-5 /[exp(c’/λT) – 1]

C = 2hc2
c’/λT = hν/kT

At large λ: exp(c’/λT) = 1 + (c’/λT), and we get
Rayleigh-Jeans classical expression

eλ = 2ckTλ-4

Unnumbered equation

Einstein (1905): EM radiation is Quantized
Einstein’s famous paper with the title:

“On a heuristic viewpoint concerning the
production and transformation of light.”
Introduces photons with energy E = hν
“It endowed Planck’s quantum hypothesis with physical reality. The
oscillators for which Planck proposed energy quantization were
fictitious, and his theory for blackbody radiation lacked obvious
physical consequences. But the radiation theory for which Einstein
proposed energy quantization was real, and his theory had
immediate physical consequences.”
D. Kleppner, Physics Today, February 2005 page 30.

