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Rovibrational motion in cold molecules: 
Example: dimethyl ether

Motion in cold molecules

- Born-Oppenheimer approximation
(Electronic ground state)

- Overall rotations
- Small amplitude vibrations
- Large amplitude vibrations

(e.g., internal rotations)   

Starting point for theoretical description:
Separate treatment of the different motions

 𝐻full =  𝐻rot +  𝐻LAV +  𝐻SAV

|  𝜓full = |  𝜓rot |  𝜓LAV |  𝜓SAV
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or: 

Protonated methane CH5
+
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Beyond rotation-vibration separation:
Extremely flexible protonated methane

“I anticipate that this enfant terrible will be caught in interstellar space far ahead of its 
theoretical understanding which will take at least a few more decades.“  [1]

[1] Oka, T.; Science 347, 1313 (2015); Animation: http://www.theochem.ruhr-uni-bochum.de/go/ch5p.html (D. Marx)
[2] Schmiedt, H., et al. ; J. Chem. Phys. 143, 154302 (2015)

Motion in CH5
+

- Five protons but four bonds
- No well-defined, static equilibrium

geometry
- Internal rotations & flips

Rotation and vibration inseparable [2]

First observation: Free internal rotation angle and axis!

4

 𝐻full =  𝐻rot +  𝐻LAV +  𝐻SAV

|  𝜓full = |  𝜓rot |  𝜓LAV |  𝜓SAV
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Free internal rotation axis and angle: 
The potential energy surface

• 120 equivalent minima
• Zero point energy comparable to all barriers!

Our starting point: Completely flat potential

[3] Structures and barriers from: Bunker, P.R., et al.; J. Mol. Struc. 695-696, (2003)

Sketch of the PES in two different coordinates [3]
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Pedagogical example for better 
understanding: Rigid methane

• Non-vibrating, static methane molecule = rigid spherical top

𝐸𝐽 = 𝐵 𝐽(𝐽 + 1)

• Hamiltonian:       𝐻 = 𝐵(  𝐽𝑥
2 +  𝐽𝑦

2 +  𝐽𝑧
2)

• Full rotational symmetry: Group 𝑲(mol), isomorphic to SO(3)

• Irreducible representations 𝐷𝐽, 𝐽 = 0, 1, 2, 3, 4, … .

• Vibrating, actually existing methane molecule 

• Molecular symmetry group 𝑻d(M) ⊂ SO(3)

𝐸4

Labeled by 
irreducible 
representations of 
𝑻d(M) ⊂ SO(3)

𝐴1

𝐸
𝐹1

𝐹2

P. R. Bunker and P. Jensen: Spherical Top Molecules and the Molecular Symmetry Group, Mol. Phys. 97, 255-264 (1999).
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𝐸[𝑛1,𝑛2]

Pedagogical example continued: 
Protonated methane simplified

7

• Protonated methane with two “soft” vibrations

• 5D rotational symmetry: Group SO(5)

• Irreducible representations [𝑛1, 𝑛2],    𝑛1 ≥ 𝑛2 = 0, 1, 2, 3, 4, … .

• Fully vibrating, actually existing protonated methane molecule 

• Molecular symmetry group 𝑮240 ⊂ SO(5)
Labeled by 
irreducible 
representations of 
𝑮240 ⊂ SO(5)

• Now five-dimensional rotor [4]:     𝐻 =
𝐵

2
 𝑎<𝑏

 𝐽𝑎𝑏
2

𝐸[𝑛1,𝑛2] =
𝐵

2
𝑛1 𝑛1 + 3 + 𝑛2(𝑛2 + 1)

[4] e.g.. Racah, G.; Phys Rev. 76, 1352, (1949)
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Permutation/inversion symmetry in protonated
methane

Five identical particles: Symmetry group 𝑮240 = 𝑺5 × 𝐸, 𝐸∗

𝑺5=(E),(12),(123),(1234),(12345),… 

• Molecular states labelled by 𝑺5 - labels (Fermi-Dirac-allowed: 𝐴2, 𝐺2, 𝐻2)
• What is the permutation symmetry of the generalized rotational states?

• 𝑺5 is “isomorphic” to subgroup of SO(5)
Permutations can be “translated” to 5d-rotations

• Non-zero potential = Splitting
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Electric dipole moment selection rules in SO(5)

([𝑛1
′ , 𝑛2

′ ] ⨂ [𝑛1, 𝑛2]) ↓ 𝑺5 ⊃ 𝐴1

• Space-fixed components of dipole moment has symmetry 
𝐴1in 𝑺5

• Assumption: In SO(5) there are contributions from all [𝑛1, 𝑛2] 
that image onto 𝐴1by forward correlation

Γ𝜇 = [3,1] ⊕ [3,3] ⊕ [4,2] ⊕ [4,3] ⊕ …
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Molecular super-rotor: 
Algebraic theory re-invented

10

Developed theory has great similarity to the algebraic theory by 
Iachello and co-workers*,**

New element is the use of the near-symmetry group SO(5) as 
starting point

*F. Iachello, Algebraic methods for molecular rotation-vibration spectra, Chem.
Phys. Lett. 78, 581–585 (1981).
**F. Iachello, R.D. Levine, Algebraic theory of molecules, in: Topics in Physical
Chemistry, Oxford University Press, 1995.
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Rovibrational energies of CH5
+ from

experiment: Combination differences

Ground vibrational levels

Excited vibrational levels

• Scan rovibrational transitions (infrared)
• Construct the differences of all transitions (Combination differences = CoDiffs)
• If two transitions share upper level, this CoDiff occurs regularly (many upper states!)

Differences rebuild ground state energy levels [6]

[6] Asvany, O. et al.; Science, 347, 1346 (2015)
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Direct comparison of theory and experiment

Energy

Dashed arrows are experimental GS combination differences

First assignment of any of these experimental data 
consistent in energy and symmetry!

[cm-1]
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Comparison to experiment II

• Remember: SO(5) theory is zero-order approximation

There are many more lines in both experiment and theoretical prediction

• Expectation: Actual potential energy surface lifts the degeneracy of the

𝑆5 states

Even more lines

Numbers from: Asvany, O. et al.; Science, 347, 1346 (2015)
(*) And (**) have been identified in the CoDiff spectrum only recently
(Brackertz, S; Diploma thesis; University of Cologne; 2016)
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Comparison with
conventional QM 
calculations

X.-G. Wang, T. Carrington, Vibrational energy 
levels of CH5

+, J. Chem. Phys. 129
234102, (2008)

X.-G. Wang, T. Carrington, Calculated 
rotation-bending energy levels of CH5

+

and a comparison with experiment, J. Chem. 
Phys. 144, 204304 (2016).
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Outlook

Protonated methane

- Include potential energy surface in 5D-model
- Higher order effects (non-rigid, non-spherical,…)
- More measurements

General super-rotor theory

- Higher-order approximation (non-rigid super-rotor)
- Application to more molecules: Clusters, H5

+, …
- Explicit symmetry breaking – Link to hindered internal rotation 
- Comparison to other models

15



16

SCHOOL OF MATHEMATICS AND NATURAL SCIENCES

PHYSICAL AND THEORETICAL CHEMISTRY

Dramatis personæ for CH5
+

Hanno Schmiedt
Principal doer

Ponderers (answer phone, pontificate…)

Stephan Schlemmer Per Jensen

• H. Schmiedt, S. Schlemmer, and P. Jensen: Symmetry of extremely floppy molecules: Molecular states beyond
rotation-vibration separation, J. Chem. Phys. 143, 154302/1-8 (2015). DOI: 10.1063/1.4933001

• H. Schmiedt, P. Jensen, and S. Schlemmer: Collective molecular superrotation: A model for extremely flexible 
molecules applied to protonated methane, Phys. Rev. Lett., 117, 223002/1-5 
(2016). DOI: 10.1103/PhysRevLett.117.223002 

• H. Schmiedt, P. Jensen, and S. Schlemmer: Rotation-vibration motion of extremely flexible molecules - The 
molecular superrotor, Chem. Phys. Lett. 672, 34–46 (2017). DOI: 10.1016/j.cplett.2017.01.045 "Frontiers article" 
prepared by invitation. 

• H. Schmiedt, P. Jensen, and S. Schlemmer: The role of angular momentum in the superrotor theory for rovibrational
motion of extremely flexible molecules, J. Mol. Spectrosc., in press. DOI: 10.1016/j.jms.2017.06.002



17

SCHOOL OF MATHEMATICS AND NATURAL SCIENCES

PHYSICAL AND THEORETICAL CHEMISTRY

Theoretical rovibronic

energies of  pathological 

molecules: Extreme 

flexibility and Born-

Oppenheimer breakdown

(Picture courtesy of

M. Python)

or: 

2Πu

A2A1

X2B1
~

The Renner Effect
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CH2 RENNER EFFECT+
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Computer programs:

RENNER:

Triatomic molecule in Renner-degenerate states. Only one linear 

geometry considered.

DR (Double Renner): 

Triatomic molecule in Renner-degenerate states. Two linear 

geometries considered.

T. E. Odaka, P. Jensen, and T. Hirano, J. Mol. Structure 795, 14-41 

(2006). DOI: 10.1016/j.molstruc.2005.10.059

V. V. Melnikov, T. E. Odaka, P. Jensen, and T. Hirano, J. Chem. Phys. 128, 

114316/1-10 (2008). DOI: 10.1063/1.2827490

P. Jensen, M. Brumm, W. P. Kraemer, and P. R. Bunker, J. Mol. Spectrosc. 171, 

31-57 (1995).  DOI: 10.1006/jmsp.1995.1101

M. Kolbuszewski, P. R. Bunker, W. P. Kraemer, G. Osmann, and P. Jensen, Mol. 

Phys. 88, 105-124 (1996). DOI: 10.1080/00268979650026622

G. Osmann, P. R. Bunker, P. Jensen, and W. P. Kraemer, Chem. Phys. 225, 33-54 

(1997). DOI:10.1016/S0301-0104(97)00173-0
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Variational calculation:

Construct matrix representation of the total Hamiltonian in terms of

suitable basis functions

• Morse-oscillator (or Morse-oscillator–like) functions for stretching

motion.

• Numerical bending functions generated by Numerov-Cooley 

integration

• Coupled (rigid rotor)-(electron spin) basis functions for the rotation

(                  )

Diagonalize matrix numerically – however the matrix blocks will 

become very large ..... What should we do?

JSN
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Contract!

Ignore end-over-end rotation

and calculate the eigenenergies

and wavefunctions for a 

hypothetical molecule that

rotates about the a axis only.

Use (a smaller number of) the

resulting eigenfunctions as basis

functions for the final problem, 

including end-over-end rotation.

Principle of the

contraction in DR
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Total rovibronic wavefunction:

Contracted basis function

Stretch Stretch

Bend Elec + Rot +  e-spin Two electronic states
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X 2A1
~

A 2B1
~

Electronic, rotational, e-spin:

results from prediagonalization

of Renner interaction at given

value of the bending angle

CH2
+
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Rotation, e-spin:

Symmetrized, „parity basis“

Unsymmetrized, coupled rotation/e-spin
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SbH2 Bending 

Potential Curves

Re = 1.719Å

BiH2 Bending 

Potential Curves

Re = 1.803Å

H=26582 cm-1 H=29464 cm-1

Te=19255 cm-1

H=26470 cm-1 Te=19478 cm-1 CCSD(T)  a better ab initio method

Using CAS-SCF MRCI for full surfaces
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Ab initio slide: SbH2
(no talk should be without one)

• all-electron complete active space self-

consistent field (CASSCF) method, 

followed by a multireference

• configuration interaction (MRCI) 

treatment

• Hydrogen: aug-cc-pV5Z basis set

• Antimony: Sapporo-DKH3-QZP-2012 

basis set 

• non-relativistic and Douglas-Kroll-Hess 

(DKH) Hamiltonians

r
ASO = 2528 cm-1

(using Breit-Pauli operator)  
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Local Mode

behaviour

Rovibronic

Level

Clustering

At high J
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Simulation of SbH2 absorption spectrum, 0 to 5000 cm-1

extremely

weak

rotational 

spectrum
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Experiments:

1. Matrix isolation infrared spectrum obtained by

reacting laser ablated Sb with hydrogen.

Wang, Souter and Andrews, JPCA, 107, 4244 (2003)

2.   The visible absorption spectrum obtained by

flash photolysis of stibine (SbH3).

Basco and Lee, Spectrosc. Lett.  1, 13 (1968)

3.   The visible emission spectrum obtained by

UV laser photolysis of stibine.

Ni, Yu, Ma and Kong, CPL 128, 270 (1986)
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Experiment has ν3 > ν1 from NH2

Laser ablated Sb + H2 → matrix isolationIR spectrum of
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Flash photolysis

Visible absorption spectrum of SbH2 Measured

Q-branch

heads

Simulated

Spectrum

(RENNER)
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Te (CAS-SCF MRCI) = 19255 cm-1

Te (CCSD(T)) = 19478 cm-1

BUT It’s what you call

“fortuitous”
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Emission spectrum.      ArF laser photolysis of SbH3

5-00-3

3 Å

12 Å

Simulation temperature = 1200 K for predominantly A-state levels.  

J(max) = 49/2



34

SCHOOL OF MATHEMATICS AND NATURAL SCIENCES

PHYSICAL AND THEORETICAL CHEMISTRY

Rovibronic energy level clustering at very high J-values

in the X 2B1 state of SbH2
~

10.330

8.582

7.442

0.000

J = ½ term values

0.000

-1.748

-2.888

-10.330

plot

Rovibronic symmetry

A2

A1

B2

B1
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Red A1

Black A2

Blue B1

Green B2

Rovibronic energy level clustering at very high J-values
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